In many empirical studies concerning seasonal time series, it has been shown that the whole set of unit roots associated with seasonal random walks are not present. This article focuses on the overall F-tests for seasonal unit roots under some nonstationary alternatives different from the seasonal random walk. The asymptotic theory of these tests is established for these cases using a new approach based on circulant matrix concepts. The simulation results joined to this theoretic analysis showed that the overall F-tests, as well as their augmented versions, maintained high power against the nonstationary alternatives.
Introduction
The stochastic nature of seasonality appears to be gaining ground in empirical studies. Several aspects related to seasonal unit root tests are treated in the literature. In this respect, the power of these tests against nonstationary alternatives is an important issue that recently acquired some concern. To the best of our knowledge, Ghysels, Lee and Noh (1994) are the first authors who studied this question. Using a Monte Carlo study, they showed that, against a nonseasonal random walk, the power of the tests of Dickey, Hasza and Fuller (1984) is much lower than that of the tests introduced by Hylleberg, Engle, Granger and Yoo (1990) . Ghysels, et al. (1994) suggested that "the Dickey et al. test may not separate unit roots at each frequency" (p. 432). The restriction behind the Dickey, et al. procedure is that all unit roots (conventional and seasonal roots) are inseparably present with equal modulus; thus, it is clear that the conventional random walk does not fulfil this requirement. However, Rodrigues and Osborn (1999) showed that if this restriction Ghassen El Montasser is an Assistant Professor in the Ecole Supérieure de Commerce de Tunis. Email: g.elmontasser@gmail.com.
holds, the power of the Dickey, et al. tests would have a proper superiority in finite samples as opposed to that of the tests of Hylleberg, et al. (1990) . Taylor (2003) analyzed the large sample behaviour of the seasonal unit root tests of Dickey, et al. when the data generating process (DGP) is a conventional random walk, that is, when the series only admits a zero frequency unit root. In such a case (and as shown by Taylor, 2003) , the Dickey, et al. statistics have nondegenerate limiting distributions. These results theoretically explain the empirical findings of Ghysels, Lee and Noh (1994) . Furthermore, Taylor (2005) showed that asymptotically the statistics of the Dickey, et al. augmented test will also do not diverge.
In a similar context, del Barrio Castro (2006) generalized the results of Taylor (2003) to a set of nonstationary alternatives which include the non seasonal random walk. He found that the Dickey, et al. statistics did not have standard limiting distributions and did not diverge. Based on the same methodology, del Barrio Castro (2007) established the limit theory of the Fisher and Student statistics originally developed by the Hylleberg, Engle, Granger and Yoo (1990) procedure. In that case, del Barrio Castro derived the effect that can have one unit root asymptotically on the others at different frequencies. Following the terminology of Busetti and Taylor (2003) , this situation may be said to have "unattended unit roots" (p. 33). However, del Barrio Castro (2007) , in a large sample analysis, did not directly consider the effects of nonstationary alternatives on the overall F-type statistic of seasonal integration which is complementarily specified for the Hylleberg, Engle, Granger and Yoo (1990) procedure by Ghysels, Lee and Noh (1994) . This article adopts the seasonal integration definition of Ghysels and Osborn (2001, p. 43) .
In a recent article, Osborn and Rodrigues (2002) developed an appealing approach for deriving asymptotic results for test statistics in seasonal models with unit roots. Such an approach is based on the use of circulant matrices which could, in seasonal context, retrieve the limit theory of the involved statistics as well as conveniently traducing the dynamics of time series and its evolution across different seasons. In a similar vein, Haldrup, Montanes and Sanso (2005) have used this approach to show the effects of outliers on the limit theory of seasonal unit root tests.
This article focuses on the large sample properties of the overall F-tests of the seasonal integration when the observed series is generated from nonstationary alternatives treated by del Barrio Castro (2006) . This task is accomplished using the circulant matrix-based approach of Osborn and Rodrigues (2002) .
The Kunst Test
The Kunst test for quarterly time series is based on the following regression , ... 
with L as the lag operator. Ghysels, Lee and Noh (1994) H is an overall hypothesis for seasonal integration SI (1) in accordance with the notation of Ghysels and Osborn (2001) . Note that: It may be deduced from (5) 
The following result was established by del Barrio Castro (2007) ), . Equation (8) 
Proof
Before showing the proof of result (a) of the theorem, consider the properties of the matrix F: the elements of the main diagonal of F are all equal and the elements of F along each diagonal line parallel to the principal diagonal are equal, thus, F is a Toeplitz matrix. Toeplitz matrices belong to the larger class of persymmetric matrices. A square matrix B of order n is persymmetric if it is symmetric about the northeast-southwest diagonal, that is,
for all i and . j Moreover, from the properties of the matrices
it can be shown that the matrix F is also symmetric. Equation (1) Empirical quantiles of the Kunst test for the processes (A.1)-(A.5) were generated and associated with nominal levels 90%, 95% and 99%. The sample size considered is 4,000 (1,000 years) with 20,000 replications; it has been shown that these empirical quantiles tend to be infinite (these results are not presented, but are available upon request). Consequently, it is possible to predict that in 100% of cases the null hypothesis will be rejected for the processes (A.1)-(A.5) for nominal levels of 5% and 1%. Table 1 shows the rejection frequencies for a sample size of 100 (25 years) and 20,000 replications. All simulations were conducted using the software Matlab.
In addition, augmented regression (1) corresponding to the Kunst test was carried out by lagged values of the independent variable, thus, this regression becomes , ... Table 2 show that perfect power is maintained across all the alternatives (A.1) -(A.5) even if the number of lagged terms of the dependent variable increases. At this level, a slight exception to this general finding was detected for the alternative (A.5) and for p = 4 or p = 6. Particularly, and for this alternative, the exception is much clearer for p = 6 and the nominal level 1%. In fact, the test power decreases and reaches a value of approximately 66%.
Conclusion
A large amount of literature on testing for seasonal unit roots has appeared during the last two decades. However, the majority of econometricians treating this topic have bent over backwards to give the limit theory of the tests for unit roots at the zero, Nyquist and Ghysels, et al. (1994) studied this problem and, in a simulation study, they hypothesized that the DHF test may not separate unit roots at each frequency. Having enriched this analysis by a large sample investigation, Taylor (2003) found that the DHF statistics did not diverge to minus infinity when the DGP of the series is a conventional random walk. del Barrio Castro (2006, 2007) considered an extended set of nonstationary alternatives and studied their asymptotic effects on the DHF and HEGY statistics. This article extended the problem treated by Taylor (2003) and del Castro Barrio (2007) to the overall F-type tests for seasonal integration. It has been realized that the most renowned tests, that is, those of HEGY (1990) and Kunst (1997) , are asymptotically related. For this reason, this research focused on asymptotic effects of the nonstationary alternatives, (A.1) -(A.5) on Kunst F-type test. To reach this goal, I had the circulant-matrixbased approach introduced by Osborn and Rodrigues (2002) was chosen. Moreover, in a simulation study, it was found that the Kunst Ftype statistic maintained high power when the totality of unit roots implied by the filter ) 1 ( 4 L − were not present. In addition, these high-power properties are preserved when the regression model of the test was augmented with lagged dependent variables. The approach adopted in this article can be applied to cases other than the quarterly one. To this aim, it is enough to write the adequate matrices i C defined from Equation (5) following the data observation frequency. 
